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Ecihk KB. 

O BHyTpeHHeii CTpyKType BHeuiHeii ajireSpbi 

Pe3WMe: rioKa3aHO, hto CTpyKTypa BHenmeH ajire6pti aBJiaeTca npoH3BOAHOH ot 
(jjyHKTopa H3 KaTeropHH npoH3Be,fl,eHHH jihhchhbix npocTpaHCTB b KaTeropHK) 

KOCOCHMMeTpHHHBIX TeH30pHbIX npOCTpaHCTB 

IlocKOJibKy (JjopMyjinpoBKa HCKOMoro (JjyHKTopHoro nocTpoeHHa Tpe6yeT 
npeABapHTenbHoro ocBemeHHa HeKOToptix KOM6HHaTopHtix BonpocoB, to b paMKax 

3Toro TpeSoBaHHfl, nycTt / = {l, ..,«}, J = {l,..,m\ , n,m e N , \<m<n; BMecre c 
TeM [J] = [zj,..,z y .,..,z m ] : / — > J - npoH3BOJibHaa ciopteKUHa, T.e. pa3MemeHHe c 

pa3penieHHbiM noBTopeHHeM; (j) = (i^^.Jj,..^^ : J —> I - npoH3BOJibHaa 

HHteKiiHa, T.e. pa3MemeHHe 6e3 noBTopeHHH; (/) = (/j,..,/ y .,..,/ m ) : J —> I - 
npoH3BOJibHaa ynopaAoneHHaa HH-beionia, T.e. coneTaHHe H3 k no m, nnsne roBopa 

(/) - eCTb HHbeKHHa, npOH3BOAHaa OT TaKOH HHbeKHHH (j) , B KOTOpOH <ij. 

Ecjih 7*c/, card/*=m, I* ={j) , KpoMe toto, onpeAejieHO, hto b:I — > I - 
npoH3BOJibHaa SHeKinia, b*:I* — > I - npoH3BOJibHaa HHbeKinia, Tor/ja HMeeM 
H30Mop(J)H3M B" = {(/* | /)} = {(/|/)} = {b*} ~ {b{l*)\ . IlycTb Tenepb b - 
TpaHcno3Hu,Ha, Tor^a b(f) - TpaHcno3HHHa no MecTy /*, KOTopaa ecTb hjih 
3neMeHTapHaa nepecTaHOBKa BHyrpH /*, T.e. b J+l (l) = b J (m), b J+l (i) = b J (z) ,zui» 
l,m,isl* h i^l^m, hjih s-jieMenrapHoe 3aMemeHHe, T.e. b J+l (l) = b J (m), 
b j+x {i) = b j {i) ,zui» m&IM*, h i^l, r^e z - 6erymHH HH^eKC, j - 

peKypCHBHblH HHAeKC. B COOTBeTCTBHH C 3THM b* eCTb TpaHCn03HHHa, eCJIH 3TO 

3JieMeHTapHaa nepecTaHOBKa, T.e. OTo6pa>KeHHe (l,m,i) —> (m,l,i) , r,a,e l,m,iel* h 
i^l^m, hjih 3JieMeHTapHoe 3aMemeHne, T.e. OToGpaaceHne (/,?)—> {m,i), rue 
m&IM", l,i & I* h i&l, a HeraocTb pa3Mem,eHHa b* onpe,a,ejiaeTca hhcjiom 

(- \) a ^ b ' , r^e (j(b*) - KOJiHHecTBO TpaHcno3HHHH ^Jia nepexo^a ot e* k b* , r^e e* - 
Toac/iecTBeHHoe oTo6pa>KeHHe. 

TaKHM o6pa30M, ecjin AaHO A =\a u ) , A{T*) = (a l ,) , to onpeAejieH 

* 1 ' ijel V J 'ieI*JeI 

AeTepMHHaHT noAMHoacecTBa ctpok KBaflpaTHOH MaTpnubi, a HMeHHO det(^(/*)) = 

H rT a a*(i)^ _ ^ " ^ TaK ' HMeeM: (-1) <7<J) - HeTHOCTb HHbeKHHH (/}:/—>/, 

b'eB' iel* 

r^e e : J — > J, (j —> j) ; (- l)^ 7 ^ = (- l)' 7 ^' 1 ' 1 = (- \) a ( h ' . HeraocTb HHteKiinn 
(/*|/): (J) —> I , tjxq e: (j)—>(j), (zV— >zvj; HaKOHeii, (- - qeraocTb 

HHteKitHH '■ {j*)—>(J), r^e a ToacAecTBeHHoe OTo6pa»ceHHe 
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ecTt e\ (/*)—>(/*), (i* 3aMeTHM npn stom, hto (J\J) - GneiCHHa, a 



{- 1] - ee neTHOCTt. 



^ajiee nycTt onpeAeneHO, hto L - n -MepHoe jiHHeHHoe npocTpaHCTBO Ha# 
R, a {e') - ero 6a3HC. Tor^a cymecTByeT (})yHKTop, nepeBOAaiinui \~\L! b 



;e7 



TeH3opHoe JiHHeHHoe npocTpaHCTBO T m L , a hmchho : L" — > T m L : 

[\xj = J] L X ijC' ~~ * 12 n^ff^" 7 ' = H hA e ^ ' a TaK5Ke " B KOCOCHMMeTpHHHOe 

jel jel iel {[J]} ije[j] {[J]} 

TeH3opHoe HHH6HH06 no/nrpocTpaHCTBO A m L , a hmchho Z ffl A : Z" — > A"'Z : 

Y[*j =11 Y^ x v^' ~^ Udet x(r)e iJ) = (}) e U) . Ilpn stom, cy^eHHe L" b 

ye/ ye/ <e/ {(J)} {(J)} 

xa™ o6pa 3 OM, hto r™ } : Z" -> I™ : Z ( " x..xZ' J x..xZ' J : Qx, -> H **. • 

(6/ / y e(J) J 

HHfl,yu,HpyeT (J)yHKTop orpaHHneHHfl F ffl A o r ( ™ } b npocTpaHCTBO npocTBix 
nojiHBeKTopoB rana R-e U) , tslk hto npocTpaHCTBO o6pa30B {7^} = T^Z") 
CJieAyeT conocTaBJiaTB c npocTpaHCTBOM npocTBix rpaHefi. Orhuko, iiomhmo r ( ™ } , 

• T n ^. T m ■ r('i v v v v r 

^ FI *t, > HT0 ° r ™> = ^-e (J> , r«e e <J> = (-l) fl(;|;) e (;1 , h ana KOToporo 

/e/ ( y e(J) J 

no3TOMy HMecT MecTO paccnoeHne T™^ — > x {±1} : ±l = (-ir <J|J> . TaKHM 

o6pa30M, F. A o ]J (-l)^>r^« F. A or^ xa K hto, ecnn y^rj h 

{<■/!./>} 

= i (;) eJV a 7j = II l _ I) 7(j) , r#e Kaac^OMy / 7 cooTBeTCTByeT 



cymecTByeT TaKoe OTo6pajKeHne T,™, : Z" — > Z™ : Z^' 1 x..xZ J x..xZ™' : 



{<•/!./>} 



, TO 



npOH3BOJIBHBIH 3JieMeHT / ( ™ } , o6pa3yK)IIl,HH A™ CeMCHCTBa {/(j)} 

cymecTByeT (ftyHicrop, nepeBOAamHH ccmchctbo {7™ }^ , r#e K c yV , b KaTeropHK) 

a6eneBBix rpynn, a hmchho r ffl = ^({7^}^ ) , T.e. J m =^ZjYj , r^e Zj e Z . 

BMecTe c TeM, bcakhh o6pa3yK)HniH sjieMenr T"' reoMeTpHHecKH conocTaBJiaeTca c 
nynKOM opHeHTHpoBaHHBix paMOK rpaHH Y<j)> HaMOTaHHBix no KOHTypy peSep, a 

BcaKHH 3neMeHT rpynnBi Y m accouHHpyeTca c uenBio, cocTaBJieHHOH H3 Zj pa3 

HaMOTaHHBix nynKOB Yj • KpoMe toto, ecjin onpeAenHTB, hto (J*)= \J*),i m = 



i„..,ij,..,i m _\i m ; {*j) = i„{j*)= i„(i 2 ,..,ij,..,i m ) ; yf, = ]J (- 1)^ ^ V/".\ , 
r^e (/* ) c <Z*) ; 7™ = (J (- ' J ^ y," , , r^e (z* ) c (* Z) , to hmcct mccto 

rpaHHHHBifi roMOMop(^H3M 8 : r ffl -» r™ -1 : 7; -» ±£7;;' + £7™ _1 , r«e 

{•/*} * {*J) 

5 ° <5 : T m : r™" 1 ^ ± £ r™; 2 , 7™- 1 ^ ± £ r™; 2 , kotopbih T a K >Ke HMeeT 

{*j*} 
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Harna/iHyK) reoMeTpuHecKyio HHrepnpeTaHHio, cooTBeTCTByiomyK) BbiHHCJieHHK) 
uenH, coSpaHHOH H3 yKoponeHHbix 3BeHbeB. IipHMeHaTejibHO TaK5Ke, hto ceMeMcTBO 

{Yj } K nopo)KAaeT He tojibko CBoSo/nryio a6ejieBy rpynny, ho h cbo6oahwh R- 
MOAyJiB A m = J J A" , r/i,e A™ = Xj ■ F ffl A (7™ ) , x f & R , npnneM, nocKontKy bcakhh 

K 

o6pa3yK)Hi,HH nonHBeKTop npocTofi, to A™ = i?-e (J) h A m = ]_Ji? • e (J) , hto 

K 

TpHBHajIbHO. 

OflHaKo, ecnH ceMeficTBo \y™ }^ paccMaTpHBaTb icaic ceMeMcTBO ceMeMcTB, 
T.e. pa36HTt ero Ha HeKOTopwe, b oSmeM, He nporoBOJitHtie, noAceMeMcTBa {7™} , 
j g K* , npn ycjiOBHH hto card < C™ , TaK KaK ,o,jiji Ka5K,a,OH napw HHAeKCOB 
/ = i U) , J' = i' , , bxoaaihhx b Kj , Tpe6yeM ( J) ^ (/) h KaK tojibko {j) = {j) , 
tj\q J' = J + 1 , to Yr nepexoAHT b noAceMeficTBO K J+1 , a 3aTeM, cjie^yfl 3TOMy 

pa36HeHHK), onpeAejiHTt, hto A™ = J_Jxj ■ F*(yj) > r ^e 7"' G {7™} , to HMeeM 

{(J)} Kj 

A m =]jA m L, r^e K* c TV . AHanorHHHO, ajia cbo6oahoh a6ejieBOH rpynnw, 
nopoacAeHHOH ceMeHCTBOM ceMencTB, HMeeM 7 = 2^ z jYj > r ^ e 7y - J_l 7j > TaK 

hto, ecnH 7 m e , to A™ = F ffl A (y ffl ) = U F m( z jr?)= II A 7 , r ^ AJ e A ffl L . 

if* a:* 

TaKHM o6pa30M, npoAOJDKaa reoMeTpHnecKne h OTnac™ yace (|>H3HHecKHe 
HHTepnpeTau,HH anreSpaHnecKHx KOHCTpyKHHH, npHHHMaeM, hto cbo6oahwh R - 
MOAynb A™ cjie^yeT conocTaBJiflTb c npocTpaHCTBOM 3KBHBajieHTHtix npnSopoB, 
cooTBeTCTByEomnx uenaM H3 npocTpaHCTBa Y m . Bojiee toto, ecjin L* .ayajibHO k L a 
(A m L*\A m L) - (})yHKTop CBepTKH cooTBeTCTByEOirnix npocTpaHCTB, to cymecTByeT 

(})yHKTop (A* ffl I A m } : A*™ x A m — > R , KOTopwH cjie/ryeT HHTepnperapoBaTb KaK 
BbiHHCJiHTejit pe3ynbTaTa CBopanHBaHHa uenn bo3achctbhh Ha uenb npnSopoB; TaK, 

ecnH r m =]Jx* m , A"=U^7» to (x" n \x n )= £ (a;™ I a;) h eCT b hckommh 

pe3ynbTaT. Ilpn 3tom ecnn K* = K h 3ap,au (})yHKTop TpaHC(j)opMaii,HH uenHOH 



cyMMbi S: U -> I : ^ + , to (A* ffl | A"' ) = (s(A* ffl ) | s(A" )) = (£ A*" 



, HTO 

K 



} ' : ' m 

K 

TpHBHanbHO, nocKOJibKy noKOMnoHeHTHO CBopanHBaiOTca nonHBeKTopa oahoto 
rana. flonojiHHTejibHO 3aMeraM, hto ecnn Y m =^z j Yj' > r ^e supjptJr— »0, Tor^a 

N 

T m - npocTpaHCTBO npeAenbHbix w-iienen, KOTopoe reoMeTpHnecKH 
conocTaBJiaeTca c npocTpaHCTBOM m -noBepxHOCTen, TaK hto HHTerpnpoBaHHe 
nojien AH(J)(|)epeHii,HajibHbix m-(j)opM no m -noBepxHOCTaM nonynaeT npo3paHHyio 
4>H3HHecKyio HHTepnpeTaiiHK) b TepMHHax CBopaHHBaHHs 6ecKOHeHHO MenKOH iienn 
bo3achctbhh Ha TaKyio »ce iienb npnSopoB. 
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IlycTb Tenept 3a,a,aH (})yHKTop E : ^x t e' — > Y\ x t e > TOr A a onpeAeneHa 

iel iel 

KOMno3Hu,Hfl OTo6pa»ceHHH F ffl A o E : L — > A ffl L , a Taioice ° £ : L — > Z ffl h 

£x,e' -> J] *,e {J) » r « e e <J> =(-l) ff<J| - /> e ( - /) a = ) . 

IlocKOJibKy is 3aAaeT KaHOHHHecKoe BJio5KeHHe, to uejiecoo6pa3HO bbccth HOBoe 
o6o3HaH6HH6, a HMeHHO A" 1 E = F ffl A o E , TaK hto A™ is BKJiaABiBaeTCfl b A m L ; KpoMe 

Toro, npHHHMacM, hto E^=F^°E, npnH6M = {x h e h ,..,x i e' 1 ,..,x i e' m j e 

is,™ } . BMecTe c TeM, £ HH/iyitHpyeT CBoSo/nryio a6ejieBy rpynny, conocTaBHMyto c 
npocTpaHCTBOM nynKOB opneHTnpoBaHHBix rpaHeM, a hmchho, ecnn 

£ m {x)^]\E^{x), to is ffl =FJ{ e ffl (x)l ), T.e. e m = ■ e m (x) , np m 

{(j)} m 

F A (e ffl ) = \jF*(e m ix)) a s(F*{e m )) e A m E , tqm cbmum ycTaHOBJieno 

{x} 

COOTB6TCTBHC E™ — > A m is . B cbok) onepe/ib, ecjiH asho raaflKoe ceneHne 
TpHBHanbHoro BeKTopHoro paccnoeHHa (LxL, > l), to oho 3a,a,aeT rna/iKoe 

ceneHHe paccnoeHHa L npocrpaHCTBOM nyHKOB rpaHeM 

(l x E m , Q. m = £ m {(o) : L — > E m ) h rna/iKoe cenemie nonHBeKTopHoro paccnoeHHa 

(z x A m E, F ffl A o E ° ft) : Z — > A™ is) . C ApyroM ctopohm, cymecTByeT cornacoBaHHbiH 

c BHeniHHM npoH3BeAeHHeM onepaTop cuenjieHHa E m c L , KOTopbifi no3BOJiaeT 
onpeAeJiHTb cornacoBaHHbiH c BHeuiHeH npoH3BOAHOH ,a,HcI)(})epeHHHaJi ceneHHa 
paccnoeHHa npocTpaHCTBa nyHKOB rpaHeM, a hmchho E m *L: E m x L — > is"" +1 : 
£ - x x -> e ffl+1 : fi(-,*Jc = , r A e x = , e£j, = 

/G/\(J) / 

(x ( e' 1 ,..,x ( e',..,x ( e'™), HHane roBopa, coneTaHHe (/*/) nonynaeM b pe3yjibTaTe 
cu,enjieHHfl (/) h npoH3BOJibHoro i H3 tslk hto ,zuia AH(f>4>epeHHHajia 

ceneHHAHMeeM </£T :L^E m+1 : dQ. m {x) = Y J £ m L ^ t 

jel { iel OXj 



*e J . KpoMe Toro, 



J 

ecjiH /uia coraacoBaHHoro c BHyrpeHHHM npoH3BeAeHneM onepaTopa npoeKu,HH E m 
no HanpaBJieHHK), 3a/jaHHOMy b Z , npHHJiTb, hto E m LL : E m x L — > : 

e™ x x -> e™" 1 : e™ ,Xx = e ( % , r«e e™ )v = (x, ■ x h e h , . . ,0 • x,e ' , . . , x, ■ x L e L ) , 

ie(J) 

Tor^a hmeem AQ. m (x) = Q. m {x + Ax) - Q. m {x) = dQ. m {x)LAx , T.e. AHfJxJjepeHiiHan 
cnyacHT xapaKrepucTHKOH npeAenbHoro npnpameHHa ceneHHa paccnoeHHa L 
npocTpaHCTBOM nynKOB rpaHefi. 

B 3aKJiK)HeHHe OTMeTHM, hto HacToainne (J)yHKTopHbie nocTpoeHHa BnonHe 
Moryr SbiTb npHHaTbi b KanecTBe ocHOBononaraiomHX ^jia roMOJiorHnecKOH anre6pbi 
h AH(j)(|)epeHii,HajibHOH Teopnn tomojiothh. 



